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Abstract-A system of approximate differential equations in matrix form is derived for the dynamics
of an axially extending and rotating beam including the effect of gravity using a Lagrangian
approach and the assumed mode method. A simple series of single-term functions is used for the
assumed mode in place of the beam functions used in the other reported studies. The transverse
motions in the two principal orthogonal directions of the cross-section of the beam are coupled
when the setting angle, which is the angle between the axis of rotation and one of the principal axes
of the cross section of the beam, is not equal to 0° or 90. Numerical simulations are performed for
various combinations of prescribed axial and rotational motions of the beam.

I. INTRODUCTION

The vibration and dynamics of rotating beams have received significant attention as the
beams are often used as simple models for propellers, turbine blades and satellite booms.
The natural frequencies of rotating beams, including the effect of tip mass, follower force,
root flexibility, stretching and setting angle, are reported in works by Schilhansl (1958),
Carnegie (1959), Rubinstein and Stadter (1972), Pnuelli (1972), Kumar (1974), Stafford
and Giurgiutiu (1975), Anderson (1975), Wang et at. (1976), Putter and Manor (1978),
Hoa (1979), Bhat (1986), Abbas (1986), Stephen and Wang (1986), Kim and Dickinson
(1987), Bauer and Eidel (1988), and Lee (1993). Kane and Ryan (1987) presented a general
formulation based on the method of Kane's dynamics for computing the dynamics of a
cantilever beam attached to a moving base with a prescribed motion of rotation and
translation. All of these studies are for beams without any axial motion. On the other hand,
there are relatively few studies on the dynamics of axially extending beams. The dynamics
of an axially extending cantilever beam without rotation was studied by Tabarrok et al.
(1974). Wang and Wei (1987) analyzed the motion of a slender prismatic beam using
Galerkin approximation. Krishnamurthy (1989) presented the dynamic equations of a
flexible cylindrical manipulator. In his study, the tail section of the robotic arm is included
in the analysis so that the total length of the arm remains fixed. Yuh and Young (1991)
presented the dynamic equations for the planar motion of an axially moving beam in
rotation. For these studies, the gravitational effect is neglected. Moreover, the beam is
located in such a manner that the lateral motions of the beam are either parallel or normal
to the axis of rotation. The effect of setting angle, which is the angle between the axis of
rotation and one of the principal axes of the cross-section of the beam, has not been
investigated. Such a configuration for an axially extending and rotating beam can be found
in robotic manipulators and mechanisms with extensible arms.

The present formulation uses the Lagrangian approach and restricts the hub where
the beam is attached to a general rotational motion about a fixed axis. The beam is clamped
to the hub with an arbitrary setting angle. The effect of gravity is included. The equations
of motion are then reduced to the form of a system of matrix equations using the assumed
mode method.
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Fig. I. An axially moving and rotating cantilever beam.

2. THEORY AND FORMULATIONS

The beam considered is assumed to be a uniform beam of length I attached to a hub
of radius b, shown in Fig. 1. A set of mutually perpendicular unit vectors, "I, "2 and "3 is
assumed to be fixed in a Newtonian reference frame N. The unit vector "3 is made to
coincide with the axis of rotation of the hub. A second set of mutually perpendicular unit
vectors, i, j and k is fixed in the undeformed beam with the i vector parallel to the
undeformed beam. The unit vectors j and k are made to coincide with the two principal
orthogonal directions of the rectangular cross-section of the beam. The angle rx between j
and "3 is called the setting angle of the beam. The position of the hub is measured by an
angle e, defined as the angle between i and "t shown in Fig. 1. Flexibility of the beam in
the axial direction i is assumed to be negligible compared to the two lateral directions j and
k.

The position vector of a general point e on the deformed beam is given by

(1)

The variables U2 and U3 are the transverse deflections of the beam in the j and k
directions, respectively. The velocity at the point is

(2)

where U is the prescribed axial speed of the beam at the root of the cantilever and eis
defined as de/dt.

The kinetic energy T of the beam is
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(
. aU3 aU3)2}+ - (b + r)(:l COS Ci + ----at + Ua:- dr,
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(3)

where m is the mass of the beam per unit length.
The expression for the kinetic energy involves a coupling term of miPu2u3sin Ci cos Ci.

When Ci is equal to 00 or 90°, this coupling term between U2 and U3 vanishes. For these two
cases, one of the principal axes of the cross-section of the beam is parallel to the axis of
rotation of the hub. The motion of the beam in a plane normal to the axis of rotation is
uncoupled from the out-of-plane motion of the beam.

Assuming Euler's beam theory, the elastic strain energy of the beam due to bending is

(4)

where E, Ij and h are the Young's modulus and the central principal second moment of
area of the cross-section of the beam about the j axis andk axis, respectively.

The potential energy due to the axial forces,fr, is

1rl(ll {(aU2)2 (au3)2}Va = 2Jo fr a; + a; dr.

The axial forces, Jr, in the direction along the beam are

fll'l{ }fr = -m r U- (b+x)iP dx

{ " '2 1'22 2}= -m U(/-r)-b() (I-r)- 2() (I -r) .

(5)

(6)

Terms involving U2 and U3 infr have been neglected as the contribution of such terms
to Va will be of the order of u~ or u~.

The work done due to the effect of gravity with -g03 defined as the gravitational
acceleration having a magnitude of9.81 m S-2, is given by

r/(l)

w= -mg Jo (cosCiu2+sinCiu3)dr.

If the quantities U2 and U3 are expressed as

n

U 2 = L qJt)(/J;(r, I)
i= I

n

U3 = I pJt)cPJr, I),
i= I

(7)

(8)

(9)

where cPi are spatial functions that satisfy the geometric boundary conditions at the clamped
end of the beam. The functions cPi are functions of time since I changes with time. In the
reported works by Tabarrok et al. (1974), and Yuh and Young (1991), the functions cPi are
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assumed to be the eigenfunctions of a stationary cantilever beam of length I. The eig­
enfunctions are

where Bi are the roots of the equation

1+cos Bicosh Bi = 0

and

cos Bi +cosh Bi

ai = sinBi+sinhBi .

The resulting ¢i is

(10)

(II)

(12)

(13)

where ¢; = o¢jor.
Tabarrok et al. (1974), in their work for axially moving beams without rotation,

reported that some difficulties in computation were encountered for high values of £i as a
result of the relatively large magnitudes of the hyperbolic terms. Moreover, all the matrices
except the mass matrix in the final equation of motion in matrix form are not diagonal.
There is therefore no significant advantage, besides having a diagonal mass matrix, in using
the set of orthogonal beam functions. For the present analysis, ¢i are assumed to be

(14)

The assumed functions satisfy the zero slope and zero displacement geometric bound­
ary conditions of the clamped end of the beam. The zero moment and zero shear force
conditions, which are the natural boundary conditions at the free end, are not satisfied by
these functions.

The functions ¢i are given by

(15)

The above expression is simpler in form than the corresponding expression of (Pi using
orthogonal beam functions.

The assumed functions for ¢i enable the kinetic energy, the strain energy, the potential
energy, and the work done by the gravitational forces to be expressed in matrix form. The
parts of kinetic energy, potential energy, strain energy, and work done by the gravitational
force involving U2 are

. T . U U 2

+ me sin aB 1 ci - me sin at B2 Tq+mUciTy I q - m -1- qTy2 q

+ ~miJ2 sin2 aqTHq - mUiJ sin:x<l>Tq -miJ2sin:x cos aqTHp

+ ~mU2qTQq+miJUsinaRTq (16)
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where H, Ej, E2, F, Q, Yj, Y2, M, SI and S2 are matrices defined as

fl !
(H);j = Jo <p;epj dr = 3+ i+j

(F)ij = (1 + i)(1 +j)(H)ij

(M) = fl <p/lrI,/Idr = (1 +i)(1 +j)ij
lj Jo I 'Pi U+j-I)P

fl I 2 2 " (I + i) (1 +j)!
(S2)ij = Jo 2(1 -r )<p;<pjdr = (1 +i+j)(3 + i+j) .

1599

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

It can be seen from the above expressions that H, F, Q, M, SI and S2 are symmetric
matrices. Moreover, some of these matrices are functions of! and therefore time-dependent.
The functions ¢; and ¢7 denote the first and second derivatives of <Pi with respect to r.

The vectors q, p, q, and pare n x 1 column vectors consisting of qi' Ph qi and A The
vectors Bj, B2 , R and «I> are n x I column vectors defined by

f' P
(B1)i = Jo (r+b)¢i dr = 3+i +b(<<I»i

il (1 +i)!
(R)i = (r+b)¢;dr = -2~' +b

o +1

(30)

(31 )

(32)



1600 H. P. Lee

I
I I

(<1»; = ¢i dr = -2.'
o +1

(33)

Similarly, the kinetic energy, potential energy, strain energy, and work done by the
gravitational forces involving U3 are

(35)

(36)

(37)

The term miP sin rx cos rxpTHq is the common coupling term which appears in both T2

and T3• This term vanishes when rx = 0° or 90°.
The Lagrangians of the beam involving U2 and U3 can be expressed separately as

(38)

(39)

The application of Hamilton's principle for a cantilever beam with variable length was
presented by Tabarrok et al. (1974). Using the same principle for the above Lagrangians
of the beam, bearing in mind that both U and I are functions of t, the Euler-Lagrange
equations are

{
U2 T lOT . U2

+ m-,-(Y2 +Y 2 )- 2mT(EI +E2)+mUY I -m
y

F

-m82sin2rxH-mU2Q+Elk M+m(biF - U)SI +m82S 2}q+mgcosrx<l>

- U. . . .
+m8sinrxB] +mT8 sin rxB2 +mU8 sinrx<l>-mU8 sin:xR+m82 sinrxcos :xHp = 0 (40)

mHii+ {mu(y] - YD+ ~m¥(ET-E1)+ ~m¥(E2 -ED+m¥H}i>

{

2 • 2
U T 1 U T' U

+ m-,-(Y2 + Y 2)- 2mT(E, +E 2 )+mUY I-myF

-m82cos2rxH-mU2Q+E-0M+m(b82 - U)S, +m82S2}p+mgsin:X<l>
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.. U. . . .
-mBcosaB] -mtBcoso:B2 -mUBcosC(<I>+mUBcosaR+mB2 sinacosaHq = O.
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(41)

In deriving the above equations of motion, one should bear in mind that some of the
matrices are functions of I and therefore time-dependent. For example, the time derivative
of mHj) is

d .
d/mHP) = mHjH mHj)

U
=mHp+mtHj)

(42)

as dl/dt = U. This is due to the assumption that flexibility in the axial direction is assumed
to be negligible compared to the two lateral directions of the beam.

If there is no axial motion, U = U= O. The equations of motion can be simplified as

mHq+ {ElkM + mbiJ2 S] +miPS2 -miJ2 sin2 aH}q+mesinaB]

+miJ2 sinacosaHp+mgcosa<l> = 0 (43)

mHp+ {Elj M+mbiJ2 S 1 +miJ2 S 2 -miJ2 cos2 aH}p

- me cos aB I + miJ2 sin C( cos aHq + mg sin a<l> = O. (44)

If there is no rotational motion, iJ = e= O. The equations of motion for an axially
moving cantilever beam are

{

2 • 2
U T I U T' U

+ m-
I
-(Y2 +Y 2)- 2mt(EI +E 2)+mUY I -mpF

-mU2Q+EhM-mUS] }q+mgcosa<l> = 0

The two equations are uncoupled without the rotational motion of the hub.

(45)

(46)

3. RESULTS AND SIMULATIONS

The following functional forms for let) and B(t) are used for the following numerical
simulations:
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Table I. Coefficients in eqns (47) and (48) for various beam motions

Case number c,(cm) c,(cm) d,(rad) d2(rad) T,,(S)

35 70 0 0 1.2
2 35 70 0 1.57 1.2
3 105 -70 0 0 1.2
4 105 -70 0 1.57 1.2

35 70 0 0 0.2
6 35 70 0 0.1 02
7 105 -70 0 0 0.2
8 105 -70 0 0.1 0.2

vibration in ,the i-i plane
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Fig. 2. Tip displacement for the beam with ex = 90' for case 1 (~_), case 2 (- - -).

~
§ -0.Q2
E I

~ I!-004r

-0.01i L_----' -"- ---'-- -' -'- ~
o

Co [ Td 2ntJlet) = C I + ---.::. t- -2 sin-
T

cm
T,j n d

(47)

d, [ Td 2ntJOCt) = d l +~ t- -2 sin -T em.
Td n d

(48)

The eight different cases for the simulations are appended in Table I. The duration of
the prescribed motions for cases 1--4 is six times the duration of similar prescribed motions
for cases 5-8. The beam is assumed to be a brass rod of diameter 6.35 mm with parameters
given by: EI = 7.981138 Nm2, and m = 0.269 kg m- I

. The radius of the hub, b, is also
assumed to be zero. The beam is assumed to be initially straight and stationary. A con­
vergence study for 11, the number of terms in the assumed series for U2 and U3, is first
performed for some of the cases. Numerical values of the tip displacement of the beam for
n = 4 and f1 = 5 are found to be almost identical. Consequently, n is set to be 4 for the
following numerical simulations.

Numerical results are presented in Figs 2-5 for all the eight cases in Table 1 for setting
angle ex = 90. For this setting angle of the beam, there is no coupling term between p and
q. The two equations of motion (40) and (41) can be reduced to
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Fig. 3. Tip displacement for the beam with IX = 90° for case 3 (~-), case 4 (- - -).
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Fig. 4. Tip displacement for the beam with IX = 90c for case 5 (~-), case 6 (- - -).

{
U2 T I V T • U2

+ m-
t
-(Y2 + Y 2)- 2m/(El +E2)+mUY l -mpF

-m82H-mU2Q+EhM+m(b82- V)SI +m82s2 }q
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Fig. 5. Tip displacement for the beam with rx = 90' for case 7 (-), case 8 (- - -).

{

2 • 2
V T IV T' V

+ m-
t
-(Y2 +Y 2)- 2m /(E l +E2)+mUY j -mfF

-mV2Q+EhM+m(biJ2-O)s, +miJ2 S2 }p+mg<l> = O.

(49)

(50)

For case 1 with beam extensional motion shown in Fig. 2, the vibration is found to
occur in the i-k plane due to the effect of gravity and extensional motion of the beam.
There is no vibration in the i-j plane as the beam is assumed to be initially straight and
stationary. With the prescribed rotational and extensional motion for case 2, vibrations are
found to occur in both Hand i-k planes. The tip displacements increase significantly
towards the end of the motion due to the beam extension and rotation and the absence of
damping, which tends to reduce the amplitude, as reported by Yuh and Young (1991). For
cases 3 and 4 shown in Fig. 3, the frequency of oscillation is approximately proportional
to tj[2 for these motions due to the shortening length of the beam, consistent with the
reported results by Tabarrok et at. (1974), and Yuh and Young (1991) without the effect
of gravity. For relatively fast axial motions with the numerical results shown in Figs 4 and
5, there is less oscillatory motion for the duration of the prescribed motion, especially for
shortening motion. For example, there are only two peaks for the curves shown in Fig. 5,
compared with 12 peaks for the corresponding curves shown in Fig. 3. However, if one
compares the first 0.2 s of the motions, the motion of a beam with relatively fast axial
motion will appear to be more oscillatory. For these eight cases with setting angle equal to
90°, the rotational motion of the beam is found to have little effect on the vibration of the
beam in the i-k plane as the two curves shown in Figs 2-5 for the vibration in the i-k plane
are almost identical. The prescribed rotational motion is not fast enough to have significant
effect on the vibration in the i-k plane.
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Fig. 6. Tip displacement for the beam with rx = 45° for case 3 (--). case 4 (- - -).
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Fig. 7. Tip displacement for the beam with rx = 45" for case 7 (--), case 8 (- - -).

The effect of setting angle is shown in Figs 6 and 7 for :I. = 45° and for the shortening
motions described in cases 3,4,7 and 8. For this setting angle of ':I. = 45°, the two equations
of motion presented in eqns (40) and (41) are no longer uncoupled. The behaviors of the
beam in the Hand i-k planes are identical when there is no prescribed rotational motion
(see the solid curves in Figs 6 and 7), as the two equations of motion without the terms
involving eand eappear to be identical. The prescribed rotational motion, in addition to
the axial motion of the beam, causes the behaviors in the two orthogonal planes to be
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different from each other. For cxample, for the case of fast axial motion shown in Fig. 7,
the rotational motion causes the amplitude of vibration in the j-k plane to he smaller than
that in the i-j plane, although the oscillatory patterns are similar for vibrations in both
planes.

The behavior of the beam for other eomhinations of setting angles and prescribed axial
and rotational motion can be easily computed using the two matrix equations (40) and (41)
presented in this article. The effect of equivalent linear viscous damping can also be studied
by incorporating damping terms such as Cit and Cp in the two matrix eq uations of motion
where C is a matrix containing the damping factors.

4. CONCLUSION

A system of approximate equations of motion in matrix form is derived for the motion
of an axially moving and rotating beam. A series of single-term functions is used for the
assumed modes. The time derivatives of these shape functions are simpler in form than the
time derivatives of beam functions used in the reported studies. The lateral deflections in
the two orthogonal directions of the cross-section are coupled when the setting angle of the
beam is not equal to 0' or 90. Results of numerical simulations are presented for setting
angle of 90' and 45 for various prescribed heam motions. For relatively slow motion of
the beam, the tip displacement shows an oscillatory behavior for the duration of the
prescribed motion. The variation of tip displacement is less oscillatory for relatively fast
beam motion. However, if one compares the same duration of the initial motions, the
motion of a beam with relatively fast axial motion will appear to be more oscillatory.

The present approximate equations of motion are formulated based on Euler beam
theory. Therefore, the present analysis is not applicable for a beam with fast prescribed
axial and rotational motions that result in large transverse deflections of the beam. A
higher-order beam theory will need to be used under those circumstances.
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